Abstract: Accelerated life testing provides timely information about the life distribution of products, components and materials. Accelerated testing is attained by subjecting the products or parts to testing conditions much higher than these products or parts are likely to experience under normal use conditions. The three-parameter Weibull model is commonly used to represent the underlying failure-time distribution for electronic products, in which the minimum lives of these products are different from zero. The standard maximum likelihood method for estimating the parameters of the three parameter Weibull model can have problems since the regularity conditions are not met (see Murthy et al.
Introduction
Acceleration models allow us to translate the failure rate obtained at high stress to what a product or service is likely to experience at much lower stress, under normal use conditions. The simplest model assumes a constant (linear) acceleration effect over time. Therefore, if we define the linear acceleration factor by AF, we will have: n t = AF × a t (1) where, t n is the time to failure under normal (standard) stress, and t a is the time to failure at high stress levels.
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The cumulative distribution function at normal testing condition F n (t n ) for a certain testing time t = t n will be given by:
( ) The density function at normal testing condition f n (t n ) for a certain testing time t will be given by: The hazard rate at normal testing condition h n (t n ) for a certain testing time t will be given by: 
2.
Three-Parameter Weibull Distribution Acceleration
An accelerated life testing approach in which the underlying sampling distribution is the two-parameter Weibull model was addressed before by De Souza [5] and [6] . We will now develop an accelerated life testing model in which the underlying sampling distribution is the three-parameter Weibull model. A maximum likelihood estimator procedure will be used to estimate the shape, scale and minimum life parameters of our sampling Weibull model. These parameters will be defined as such: n β = shape parameter under normal testing conditions; a β = shape parameter under accelerated testing conditions; n θ = scale parameter under normal testing conditions; a θ = scale parameter under accelerated testing conditions; n ϕ = minimum life under normal testing conditions; a ϕ = minimum life under accelerated testing conditions. Then the cumulative distribution function at accelerated condition F a (t a −ϕ a ) of the three-parameter Weibull distribution will be given by:
In general, the scale parameter and the minimum life can be estimated by using two different stress levels (temperature or cycles or miles, etc.), and their ratios can provide the desired value for the acceleration factor AF θ and AF ϕ . So, we will have:
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Also, AF θ = AF ϕ = AF. Now using Equation (2) with t a −ϕ a = (t n −ϕ a )/AF, we obtain the cumulative distribution function at normal testing condition F n (t n −ϕ n ) for a certain testing time t n , and we will have
From Equation (7), we have ϕ a = ϕ n /AF. Then, we obtain ( )
Since θ a AF= θ n and β a = β n = β, Equation (8) becomes:
Again, since R n (t n −ϕ n ) =1 − F n (t n −ϕ n ), we will have:
Equation (9) tells us that, under a linear acceleration assumption, if the life distribution at one stress level is represented by a three-parameter Weibull model, the life distribution at any other stress level is also represented by a three-parameter Weibull model. The shape parameter remains the same while the accelerated scale parameter and the accelerated minimum life parameter are multiplied by the acceleration factor. The equal shape parameter is a necessary mathematical consequence of the other two assumptions; that is, assuming a linear acceleration model and a three-parameter Weibull sampling distribution. If different stress levels yield data with very different shape parameters, then either the three-parameter Weibull sampling distribution is the wrong model for the data or we do not have a linear acceleration condition.
The hazard rate of a three-parameter Weibull sampling distribution varies under acceleration. For a stress failure rate the hazard function h a (t a −ϕ a ) will be given by:
Again, from Equation (7) we have ϕ a = ϕ n /AF. Then, we obtain:
Now, when we multiply Equation (11), the hazard rate at accelerated testing condition h a (t a −ϕ a ), by the factor 1/(AF) β , we will have as a result the hazard rate at normal testing condition h n (t n −ϕ n ). Then, with t a −ϕ a = (t n −ϕ a )/AF and ϕ a = ϕ n /AF we will have:
, or yet:
There was a linear change in the hazard rate at accelerated testing condition h a (t a −ϕ a ). When h a (t a −ϕ a ) is multiplied by the factor 1/(AF) β , we will have as a result the hazard rate at normal testing condition h n (t n −ϕ n ). Only when the sampling population is exponential (the shape parameter β is equal to 1), will the multiplication factor be equal to 1/AF.
Maximum Likelihood Estimation For The Weibull Model For Censored Type II Data (Failure Censored)
The maximum likelihood estimator for the shape, scale and minimum life parameters of a Weibull sampling distribution for censored Type II data (failure censored) will be given by: ; L ln will be given by:
To find the value of θ, β and ϕ that maximizes the log likelihood function, we take the θ, β and ϕ derivatives and make them equal to zero. Then, applying some algebra, we will have: Notice that, when β = 1, Equation (16) reduces to the maximum likelihood estimator for the two-parameter exponential distribution. Using Equation (16) for θ in Equations (13) and (14) and applying some algebra, Equations (14) and (15) reduce to: The problem was reduced to the simultaneous solution of the two iterative Equations (17) and (18). The simultaneous solution of two iterative equations can be seen as relatively simple when compared to the arduous task of solving three simultaneous iterative Equations (13), (14), (15) as outlined by Harter et al. [7] . Even though this is the Daniel I. De Souza, Jr 238 present case, one possible simplification in solving for estimates when all three parameters are unknown could be the approach proposed by Bain [8] : for example, using Bain's approach let us suppose that β and θ represent the good linear unbiased estimators (GLUEs) of the shape parameter β and of the scale parameter θ for a fixed value of the minimum life ϕ. We could choose an initial value for ϕ to obtain the estimators β and θ , and then apply these two values in Equation (18), that is, the maximum likelihood equation for the minimum life ϕ. An estimate ϕ can then be obtained from Equation (18), then the GLUEs of β and of θ can be recalculated for the new estimate ϕ , and a second estimate for the minimum life ϕ obtained from Equation (18). Continuing this iteration would lead to approximate values of the maximum likelihood estimators. As we can notice, the advantage of using the GLUEs in this iteration is that only one equation must be solved implicitly. The existence of solutions to the above set of Equations (17) and (18) has been frequently addressed by researchers as there can be more than one solution or none at all; see Zanakis [3] .
The standard maximum likelihood method for estimating the parameters of the three parameter Weibull model can have problems since the regularity conditions are not met (see Murty et al. [1] ; Blischke [2] ; Zanakis and Kyparisis [3] ). To overcome this regularity problem, one of the approaches proposed by Cohen [4] is to replace Equation (18) with the equation
Here, t 1 is the first order statistic in a sample of size n. In solving the maximum likelihood equations, we will use this approach proposed by Cohen [4] . Appendix (1) shows the derivation of Equation (19).
Example
We are trying to verify if, for a three-parameter Weibull sampling distribution, a component, operating under predetermined (correct) levels of increased stress, will have exactly the same failure mechanism as observed when used at normal stress levels. In order to do so, a certain type of electronic part was subjected to an accelerated life test, where 12 of such parts were cycled with the testing being truncated at the moment of occurrence of the ninth failure. The underlying sampling distribution is the three-parameter Weibull model. Using the maximum likelihood estimator approach for the shape parameter β, for the scale parameter θ and for the minimum life ϕ of the Weibull model for censored Type II data (failure censored), we obtain the following values for these three parameters under accelerated conditions of testing. Again using the maximum likelihood estimator approach presented in this paper, we obtain the following values for the shape parameter β, for the scale parameter θ and for the minimum life ϕ of the three-parameter Weibull sampling distribution under normal conditions of testing:
β n = β a = β = 9.202 θ n = 4,754.7 hours; ϕ n = 828.0 hours Using Equation (6), we will have: AF θ = a n θ θ = 1 . 495 7 . 754 , 4 = 9.6035 ≈ 9.6
Using Equation (7), we will have: AF ϕ = a n ϕ ϕ = 4 . 86 0 . 828 = 9.5833 ≈ 9.6
Then, as we expected, AF θ = AF ϕ = AF = 9.6, and β n = β a = β ≈ 9.2 As we can observe in this example, under a linear acceleration assumption, the electronic part, operating under predetermined (correct) levels of increased stress, has exactly the same failure mechanism as observed when used at normal stress levels. That is, since the life distribution at one stress level is represented by the three-parameter Weibull model, the life distribution at any other stress level is also represented by a threeparameter Weibull model. As we can see in this example, the shape parameter value remains the same while the scale parameter and the minimum life are multiplied by the acceleration factor. As we remember, the equal shape parameter is a necessary mathematical consequence to the other two assumptions; assuming a linear acceleration model and a three-parameter Weibull sampling distribution.
Conclusions
Accelerated life testing provides timely information about the life distribution of products, components and materials. Accelerated testing is obtained by subjecting the products or parts to testing conditions much higher that these products or parts are likely to experience under normal use conditions. In this study, we developed an accelerated life testing model in which the underlying sampling distribution is the three-parameter Weibull model. The minimum life is considered different from zero. We assumed a linear acceleration condition. A maximum likelihood estimation procedure for censored failure data was used to estimate the shape, scale and minimum life of the three-parameter Weibull model. In solving the maximum likelihood equations, we used the approach proposed by Cohen [4] .
As we can verify in the presented example, the shape parameter value remained the same while the scale parameter and the minimum life parameter are multiplied by the acceleration factor. As we would expect, the acceleration factor for the scale parameter θ is equal to the accelerated factor for the minimum life ϕ. The equal shape parameter is a necessary mathematical consequence to the other two assumptions; assuming a linear acceleration model and a three-parameter Weibull sampling distribution.
